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Improved Treatment of External Boundary Conditions
for Three-Dimensional Flow Computations
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An innovative numerical approach is presented for setting highly accurate nonlocal boundary conditions at
the external computational boundaries when calculating three-dimensional compressible viscous � ows over � nite
bodies. The approach is based on application of the special boundary operators analogous to Calderon’s projec-
tions (Calderon, A. P., “Boundary-Value Problems for Elliptic Equations,” Proceedings of the Soviet–American
Conference on Partial Differential Equations at Novosibirsk, Fizmatgiz, Moscow, 1963, pp. 303, 304) and the dif-
ference potentials method by Ryaben’kii [Ryaben’kii, V. S., “Boundary Equations with Projections,” Russian
Mathematical Surveys, Vol. 40, No. 2, 1985, pp. 147–183; Ryaben’kii, V. S., Difference Potentials Method for Some
Problems of Continuous Media Mechanics, Nauka, Moscow, 1987 (in Russian); and Ryaben’kii, V. S., “Difference
Potentials Method and Its Applications,” Mathematische Nachrichten, Vol. 177, Feb. 1996, pp. 251–264]; it extends
the previous technique developed for the two-dimensional case. The new boundary conditions methodology has
been successfully combined with the NASA-developed code TLNS3D and used for the analysis of wing-shaped
con� gurations in subsonic and transonic � ow regimes. As demonstrated by the computational experiments, the
improved external boundary conditions allow one to greatly reduce the size of the computational domain while
still maintaininghigh accuracy of the numerical solution. Moreover, they may provide for a noticeable speedup of
convergence of the multigrid iterations.

I. Introduction
Preliminaries

E XTERNAL � ows over � nite bodies or con� gurations of bod-
ies representa wide class of importantpracticalapplicationsin

� uid dynamics. To treat this type of problem numerically, one typi-
cally truncates the original in� nite domain. The resulting truncated
problemis obviouslysubde� nite unless supplementedby the proper
closing procedure at the external computational boundary. The lat-
ter procedure is called the arti� cial boundary conditions (ABCs).
In the ideal case, the ABCs would be speci� ed so that the solution
on the truncateddomain coincideswith the correspondingfragment
of the original in� nite-domainsolution.The issueof ABCs is signif-
icant in computational � uid dynamics (CFD) and in other areas of
scienti� c computing; theoretical estimates and computational ex-
periments by different authors show that the proper treatment of
external boundaries has a profound impact on the overall perfor-
mance of numerical algorithms and interpretationof the results.

Different ABCs methodologies have been studied extensively
over the past two decades. However, the construction of the ideal,
i.e., exact, ABCs that would provide no error associated with the
domain truncation and at the same time be computationally inex-
pensive, easy to implement, and geometrically universal remains a
fairly remote possibility.Among the varietyof approachesproposed
to date, only a few can be regarded as the commonly used tools in
CFD. As a rule, these approachesare based on essentialmodel sim-
pli� cations, e.g., locally one-dimensional treatment near the exter-
nal boundary, and, therefore, often lack accuracy in computations.
This, in turn, necessitateschoosingexcessivelylarge computational
domains. On the other hand, these simple methods usually provide
for local ABCs and, therefore, for cheap, geometrically universal,
and algorithmicallysimple numerical procedures,which are attrac-
tive for practical use.
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There are, of course, methods of another kind, which typically
provide for highly accurate and robust numerical algorithms.These
methods,however, are not used routinelybecausethe corresponding
ABCs in most cases appear global. As a consequence, these ABCs
may be relatively cumbersome and expensive; moreover, they can
be derived easily only for the boundaries of regular shape.

The nonlocality is inherent for exact ABCs; on the level of par-
tial differential equations such boundary conditions typically in-
volve pseudodifferential operators. As concerns the approximate
approaches, the basic trend is the following: Higher accuracy for
the boundary procedure requires more of the nonlocal nature of the
ABCs to be somehow taken into account. A survey of methods for
setting the ABCs in different areas of scienti� c computing can be
found in our recent work,1 as well as in the comprehensive reviews
by Givoli.2 ;3

In this paper, we concentrate on constructing the ABCs for the
three-dimensionalproblems of computationalaerodynamics.How-
ever, this area constitutes a fraction of the possible range of appli-
cations for the different ABCs techniques. Besides the hydro- and
aerodynamic problems (external � ows, duct � ows, boundary lay-
ers, free surfaces, etc.), the entire range includes the � ows in porous
media, � ltration, magnetohydrodynamics � ows, plasma, e.g., solar
wind, the problems of solid mechanics (in particular, elasticity and
aeroelasticity), and the problems of wave propagation(electromag-
netic, acoustic, seismic), to name just a few.

Main Objective and Method of Approach
For external � ow computations, our goal is to derive and imple-

ment the ABCs that would combine the advantages relevant to both
global and local methodologies. Our approach to constructing the
ABCs is basedon usageof the � nite differenceanalogs to Calderon’s
generalized potentials and boundary projections (see the original
work by Calderon4 and also work by Seeley5 ). Ryaben’kii6 – 8 mod-
i� ed the original Calderon’s construction and proposed a numeri-
cal technique for the effective calculation of potentials and projec-
tions; this technique is known as the difference potentials method
(DPM).

In Ref. 9, we describe the foundations of the DPM-based ap-
proach to setting the ABCs for computationof two-dimensionalex-
ternalviscous� ows (Navier–Stokes equations). In Ref. 10, Tsynkov
implements this approach along with the multigrid Navier–Stokes
algorithmof Swanson and Turkel11 – 13 and presents some numerical
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results for subsonicand transonic laminar � ows over single-element
airfoils. In Ref. 14, Tsynkov et al. show the results of subsequent
numerical experiments and propose an approximate treatment of
turbulence in the far � eld. Work in Ref. 15 delineates the algo-
rithm for solving one-dimensional systems of ordinary difference
equations that arise when calculating difference potentials and the
DPM-based ABCs. Reference 16 extends the area of applications
for the DPM-based ABCs by analyzing two-dimensional � ows that
oscillate in time and also provides some solvability results for the
linearizedthin-layerequationsused for constructingthe ABCs. Ref-
erence 17 presentsa general survey of the DPM-based methodology
as applied to solving external problems in CFD, including paral-
lel implementation of the algorithm, combined implementation of
nonlocal ABCs with multigrid, and entrywise interpolation of the
matrices of boundary operators with respect to the Mach number
and the angle of attack. Additionally, in Ref. 17 one can � nd some
new theoretical results on the computation of generalized poten-
tials, the constructionof ABCs based on the direct implementation
of boundary projections (thin-layer equations), and some numeri-
cal results for various airfoil � ows: laminar and turbulent, transonic
and subsonic, including very low Mach numbers (incompressible
limit). Finally, Refs. 18 and 19 contain an outline of the basic ele-
ments of the DPM-based ABCs for the case of three-dimensional,
steady-stateexternal viscous � ows; this case is undoubtedlythe one
most demanded by the current computationalpractice.Speci� cally,
in Refs. 18 and 19 the � ows around wing-shapedcon� gurationsare
addressed and some preliminary numerical results for the subsonic
regime are shown.

In the following, we report on the subsequent development of
the DPM-based approach for the three-dimensionalexternal � ows.
We present the results of computations for different � ow regimes
and compare the performance of the DPM-based ABCs with the
performance of the standard boundary conditions. The assessment
is conductedwith respect to both the quality of the resultingsolution
(accuracyas it dependson the size of the computationaldomain) and
thepropertiesof thenumericalprocedureas in� uencedby the typeof
ABCs (ef� ciency, robustness, and convergence of the pseudotime
iterations). The results demonstrate the superiority of the DPM-
based ABCs over the standard existing methods.

II. External Flow Problem
Formulation

We consider a steady-state � ow of a viscous, compressible, per-
fect gas past a three-dimensional wing. The � ow is uniform and
subsonic at in� nity; it is symmetric with respect to the Cartesian
plane z D 0, which, in particular, implies that the freestream veloc-
ity vector is parallel to this plane.

The � ow equations are integrated on the grid generated around
the wing. This grid actuallyde� nes the � nite computationaldomain;
the ABCs that would close the truncated problem should be set
at the external coordinate surface of the grid. Let us designate this
surface 0; for a one-block curvilinear boundary-� tted grid around
the ONERA M6 wing, the schematic geometric setup is shown
in Fig. 1.

Fig. 1 Schematic geometric setup for the three-dimensional case; wing
on the left is enlarged.

The outermost coordinate surface of the grid is designated 01

(Fig. 1); it represents the ghost nodes (or ghost cells for the � nite
volume formulation). Clearly, when the stencil of the scheme used
inside the computational domain is applied to any node from 0, it
generally requires some ghost cell data. Unless the required data
are provided, the � nite difference system solved inside the compu-
tational domain appears subde� nite, i.e., it has fewer equations than
unknowns. From the viewpoint of what the solution technique is,
one can say that, when some iterativesolver is employed to integrate
the � ow equations inside the computational domain, the values of
the solution at the ghost cells should be prescribed at each iteration
to be able to advance the next time step.

Therefore, in the practical framework the closure of the dis-
cretized truncated problem means the speci� cation of the solution
values at the ghost cells. This will be done by means of the DPM-
based ABCs so that the boundarydata used for the closure admit an
exterior complement that solves the problem outside the computa-
tional domain (see the following).

First, we assume that the � ow perturbationsagainst the constant
freestream background are small in the far � eld and consider the
accordingly simpli� ed problem outside the computational domain,
i.e., outside 0. Clearly, for the small to moderate freestream Mach
numbers M0 (purely subsonic � ows), we can retain only the � rst-
order terms with respect to perturbationsin the governingequations.
Therefore, the aforementioned simpli� cation of the original prob-
lem will actually be the far-� eld linearization.However, in the tran-
sonic limit the possibility of linearization in the far � eld requires,
generally speaking, some additional analysis. For the model full-
potential formulation, we present a simple argument that the com-
pressible three-dimensional far � eld remains linear for transonic
� ow regimes as well.

Consider the Kármán–Guderley equation20
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for the perturbation Á the full potential 8 of the compressible gas
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where ± is the wing thickness (± ! C0 along with M0 ! 1 in the
transonic limit), K is the parameter of transonic similarity (the true
linear theory correspondsto big values of K ), u0 is the � ow velocity
at in� nity,· is the ratio of speci� c heats, and the positive x direction
coincides with the freestream.

The common practice20 of developing the asymptotic expansions
for solutions of the equations that involve transonic nonlinearities
consists of substituting the leading linear term(s) into the nonlin-
ear parts of the equation [right-hand side of Eq. (1)] and obtaining
the correspondingcorrectionsby solving the resulting nonhomoge-
neous problem. In the speci� c case under study, the linear far-� eld
expansion starts with the horseshoe vortex
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Substituting expression (3a) into the right-hand side of Eq. (1) and
solving the resulting Poisson equation (this involves the Fourier
transform in spherical functions), one obtains the nonlinear correc-
tion

Á1NL » Or¡3 .3b/

that decays at in� nity two ordersof magnitude faster than the source
term (3a). Analogously, for the general doublet term Á2 » Or ¡2 , the
corresponding nonlinear correction can be shown to be Á2NL » Or¡5,
which is the three-order-of-magnitude difference. We, therefore,
conclude that the transonic nonlinear corrections can be neglected
when analyzingthe compressiblefar � eld in three spacedimensions.
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Of course, having established the fact of the far-� eld linearity,
we cannot say in advance whether the linearization outside 0 is
possible for every speci� c con� guration of the domains. Clearly,
for the very large computationaldomain, one can linearize the � ow
outside0, andas we approachthe wing (the sourceof perturbations),
the validity of linearization can be veri� ed a posteriori (see, e.g.,
previous work10 ;14 ;17).

The linearizeddimensionless thin-layer equations can be written
as
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where ½, u, v, w, and p are the perturbations of density, Cartesian
velocity components,and pressure, respectively;Re is the Reynolds
number; and Pr is the Prandtl number. System (4a) is supplemented
by the homogeneous boundary condition at in� nity

u ´ .½; u; v; w; p/ ! .0; 0; 0; 0; 0/

as .x2 C y2 C z2/ ! 1 (4b)

which correspondsto the freestreamlimit of the solution.Returning
to thequestionof closingthe discretizedtruncatedsystem,we clarify
that the boundarydataprovidedby the DPM-based ABCs will admit
an exterior complement that would solve the discrete counterpartof
Eq. (4a) and meet boundary condition (4b) in a certain asymptotic
sense.

DPM-Based ABCs: Main Idea
We discretize system (4a) on the auxiliary Cartesian grid with

second-order accuracy; we use � rst-order differences in x and
second-order differences in y and z (see Refs. 16 and 17 for the
details in two dimensions). The DPM will provide us with the com-
plete boundary classi�cation (in terms of the appropriate traces)
of all of those and only those exterior grid vector functions that
solve the discrete counterpartof Eq. (4a) outside the computational
domain and satisfy boundary condition (4b) in some approximate
sense. The foregoing boundary classi� cation will be obtained as
an image of a special projection operator, which can be consid-
ered as a discrete analog of Calderon’s pseudodifferentialboundary
projection.4 ;5 As we solve the Navier–Stokes equations inside the
computationaldomain iteratively, every time we need to update the
ghost cells, we take a certain suf� cient set of data from inside 0
(see next subsection), project it onto the right manifold, i.e., onto
the subspace in the entire space of boundary data that admit the
correct exterior complement, and obtain the ghost cell values by
calculating the trace of this complement on 01 .

DPM-Based ABCs: Speci� c Implementation
Let us split the nodes of the auxiliary Cartesian grid into two

distinct groups: those that are inside 0and those that are outside.
Applying the stencil of the scheme for Eq. (4a) to each node of
both groups, we consider the intersection of the grid sets swept by
the stencil. This intersection is called the grid boundary ° ; it is a
multilayered fringe of nodes of the auxiliary Cartesian grid located
near 0. Figure 2 shows an example of the grid boundary ° (several
cross sections in different directions).

Fig. 2 Grid sets for the three-dimensional case.

For any function u on the Cartesian grid, we de� ne its trace Tr° u
on ° as merely a restriction.For any grid functionu° speci� ed on ° ,
we introduce the generalizedpotentialP u° with the densityu° ; the
generalizedpotential is de� ned on the auxiliaryCartesian grid on °
and outside it. The generalizedpotential is obtained as a solution of
the special auxiliary problem (AP); solution of the AP replaces and
extends the operation of convolutionwith the fundamental solution
in the classical potential theory. The AP is driven by the right-hand
side that depends on u° ; the formal construction of this right-hand
side is the same in two- and three-dimensionalcases,and we refer the
reader to previous work9 ;16 ;17 for details. Boundary conditions for
the AP should approximateboundarycondition(4b) and at the same
time ensure the � nite domain formulation for the AP. Therefore,we
formulate the AP on a suf� ciently large parallelepipedaligned with
the Cartesian directions; the parallelepiped fully contains 01. We
specify periodicity boundary conditions in the y and z directions
and also assume symmetry at z D 0. After the Fourier transform
with respect to y and z, the discrete counterpart to Eq. (4a) can be
written as a family of one-dimensionaldifference equations

Ak Oum;k C Bk Oum ¡ 1;k D Of m ¡ 1
2 ;k (5)

m D 1; : : : ; M; k ´ .ky; kz/

ky D 0; : : : ; Jy; kz D 0; : : : ; Jz

where Ak and Bk are the 5 £ 5 matrices and M C 1; 2Jy C 1, and
Jz C 1 are the numbers of grid nodes in the x; y, and z directions,
respectively. (Symmetry is taken into account, as well as that u
and f are real valued.) Boundary conditions in the x (streamwise)
direction are speci� ed separately for each pair of wave numbers k:

S¡.k/ Ou0;k D 0 (6a)

SC.k/ OuM;k D 0 (6b)

where

S¡.k/ D
j¹s .k/j > 1

.Qk ¡ ¹s.k/I/ (7a)

SC.k/ D
j¹s .k/j · 1

.Qk ¡ ¹s.k/I/ (7b)

Qk D A¡1
k Bk , and ¹s.k/ are the eigenvaluesof Qk . The semianalytic

boundary conditions (6a) and (6b) [the eigenvalues for Eq. (7) are
calculated numerically] explicitly prohibit growing modes of the
solution in the left and right directions, respectively. The periods
in y and z should be chosen suf� ciently large to ensure that the
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periodic solution considered near 0 and 01 is suf� ciently close to
the theoretical nonperiodic solution; the latter can be thought of as
a limit when the periods approach in� nity. The approximation of a
nonperiodicsolutionby the periodic one on a � nite � xed interval as
the periodor periods increaseis discussedin previouswork.9 ;16;17 In
Ref. 17, the possibility of replacing the Fourier transforms by non-
unitary transforms is discussed. The latter appear when the grid in
y or z is stretched (which provides for a drastic cost reduction) and
the correspondingeigenfunctionsconsequently form a skew basis.

The foregoing AP allows us to calculate the generalized differ-
ence potential P u° for any grid density u° speci� ed on ° . The
compositionof the operatorsTr° and P, P° ´ Tr° P, is a projection,
P2

° D P° , and it is a discrete counterpart of Calderon’s4 boundary
projectionfor system(4a). The image of this projection,Im P° , con-
tains all of thoseand only thoseu° that are the tracesof someexterior
difference solution to Eq. (4a) that satisfy the boundary conditions
of the AP [periodicity in y and z and boundary conditions (6) in x].
The latter boundary conditions, in turn, approximate Eq. (4b).

Having constructed the procedure for calculating the potentials
and projections for the discrete version of Eq. (4a), we can now
close the system inside the computational domain, i.e., obtain the
ABCs. First, we take u and @u=@n on 0, where n is the normal
(these data are available from inside the computational domain),
and, using interpolation R0 along 0 and the � rst two terms of the
Taylor expansion (denoted ¼° ), obtain u° :

u° D ¼° R0

³
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@u
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´
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.8/

Then we need to calculate the potential P v° for the density v° D
P° u° and interpolate it to the nodes 01:

uj01 D R01 P v° ´ R01 P u° .9/

Finally, the ABCs are obtained in the operator form
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where T is composed of the operations (8) and (9). Boundary con-
dition (10) is applied every time we need to update the ghost cell
values in the course of the iteration process. The implementationof
ABCs (10) can either be direct or involvepreliminarycalculationof
the matrix T. In the latter case, the run-time implementation of the
ABCs (10) is reduced to a matrix-vector multiplication.

III. Numerical Experiments
Two-Dimensional Case

For completeness, we � rst brie� y comment on the two-dimen-
sional resultsfrompreviouswork.10;14;17 In that work, we calculated
subsonic and transonic viscous � ows past single-element airfoils
(NACA0012 and RAE2822).

The computational domain is formed by the C-type curvilinear
grid generated around the airfoil. On this grid, the Navier–Stokes
equations are integrated using the code FLOMG by Swanson and
Turkel.11– 13 The standard treatment of the external boundary in the
code FLOMG is based on the locally one-dimensionalcharacteris-
tics analysis, which may or may not be supplemented by the point-
vortex (PV) correction.21

Basic conclusionsthat could be drawn from our two-dimensional
numerical experienceare the following:The DPM-based ABCs are
geometrically universal, algorithmicallysimple, and easy to imple-
ment along with the existing solver. For large computational do-
mains (30–50 chords of the airfoil), the performanceof the standard
methods and the DPM-based ABCs is roughly the same. As, how-
ever, the arti� cial boundary approaches the airfoil, the discrepancy
between the corresponding solutions increases. The lift and drag
coef� cients obtained on the basis of boundary conditions (10) de-
viate from their asymptotic (50 chords) values much less (within
fractions of 1%) than the coef� cients obtained using local ABCs
do. In other words, the nonlocal DPM-based ABCs allow one to
use much smaller computational domains (as small as 2–3 chords)
than the standard boundary conditions do and still maintain high
accuracy of computations. Moreover, if we compare three models,

DPM based, PV, and standard local, then it turns out that the DPM-
based ABCs display the best performance for small computational
domains, the performance of the local characteristicboundary con-
ditions for the small domains is very poor, and the PV boundary
conditionsperform much better for the lift than they do for the drag
coef� cient. This behavior seems reasonable because the PV model
is a lift-based treatment.

We also note that, for certain variants of the computation, the
DPM-based ABCs may noticeably speed up (by up to a factor of
three) the convergenceof the multigrid iterations.9 ;10;14 The discus-
sion on combined implementation of the DPM-based ABCs with
multigrid is contained in Ref. 17.

Three-Dimensional Case
We demonstratesome new results on computationof the external

� ows around the ONERA M6 wing.
We use the code TLNS3D by Vatsa et al.22 to integrate the thin-

layer equations on the curvilinear grid (see Figs. 1 and 2) gener-
ated around the wing. This code is based on the central difference
� nite volume discretization in space with � rst- and third-order ar-
ti� cial dissipation.Pseudotime iterations are used for obtaining the
steady-state solution; the integration in time is done by the � ve-
stage Runge–Kutta algorithm (with the Courant number calculated
locally) supplementedby the residualsmoothing.For the purposeof
accelerating the convergence, the multigrid methodology is imple-
mented; in our computationswe used three nestedgrid levelswith V
cycles; this three-level V-cycle algorithm is, in fact, a � nal stage of
the full multigrid (FMG) procedure. In addition, we use the precon-
ditioning techniqueof Ref. 23 to improve the convergenceto steady
state. We implement the DPM-based ABCs only on the � nest grid
for the V cycle in the � nal FMG stage; the boundarydata for coarser
levels are provided by the coarseningprocedure.Moreover, even on
this � nestgrid,we implement theDPM-based ABCs onlyon the � rst
and the last Runge–Kutta stages, which seems to make very little
difference comparedwith the implementationon all � ve stages; the
boundary data for the three intermediate stages are provided from
the DPM-based ABCs on the � rst stage.Unlike the two-dimensional
case, the standardtreatmentof the externalboundaryin threedimen-
sions is based on merely the locally one-dimensionalcharacteristics
analysis and extrapolation.(The PV model is not applicable.)

In Table 1, we present the numerical results obtained with the
two types of ABCs for the subcritical � ow around the ONERA M6
wing. Note that, for each type of the boundary treatment, the er-
rors in Table 1 are calculated as relative errors with respect to the
values of the force coef� cients CL and CD that correspond to the
largest domain (for which the results obtained with the DPM-based
and standard ABCs differ insigni�cantly). As one can clearly see,
the DPM-based ABCs in three space dimensions outperform the
standard approach as they do in two dimensions: The new bound-
ary conditions are capable of producing accurate results on very
small computationaldomains, whereas the performanceof the stan-
dard techniquedeterioratesas the domain shrinks.Analogous to the
two-dimensionalcase, the three-dimensionalDPM-basedABCs can
be calculated for any shape of 0 by means of the same procedure
(universality) and can be easily combined with the existing solver
(TLNS3D). Let us additionally note that, for this series of com-
putations, the dimensions of all three grids are the same; grids of
smaller extent are obtained by scaling down the original 10-chord
grid. The concentrationof nodes near the wing that results from the
downscaling obviously contributes to the general improvement in
the accuracy of the solution.

Table 1 ONERA M6: M0 = 0:5, Re0 = 11:7 £ 106 , and ® = 3:06 deg;
193 £ 49 £ 33 grid

Domain radius: 1.25 2 10
root chord root chords root chords

Type of ABCs: Standard DPM Standard DPM Standard DPM

Full lift, CL 0.2218 0.2065 0.2185 0.2065 0.2081 0.2072
Relative error, % 6.58 0.34 5.0 0.34 0 0
Full drag, CD £ 100 0.817 0.791 0.793 0.791 0.787 0.788
Relative error, % 3.8 0.38 0.76 0.38 0 0
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Table 2 ONERA M6: M0 = 0:84, Re0 = 11:7 £ 106 , and ® = 3:06 deg

Domain radius: 3 root chords 10 root chords
Grid: 193£ 49 £ 33 209£ 57 £ 33

Type of ABCs: Standard DPM Standard DPM

Full lift, CL 0:298§ 0:004 0.2798 0.2805 0.2786
Relative error, % 6:24 § 1:43 0.43 0 0
Full drag, CD £ 10 0:168§ 0:008 0.1537 0.1542 0.1531
Relative error, % 8:95 § 5:19 0.39 0 0

We have also conducted some three-dimensional computations
for the standard transonic case for ONERA M6 wing: M0 D 0:84,
Re0 D 11:7 £ 106 , and ® D 3:06 deg. Here we could not bring the ar-
ti� cial boundaryas close to the solid surfaceas in the foregoingsub-
soniccase (see Table 1)becauseour far-� eld treatment is purelysub-
sonic and the boundary cannot intersect the supercriticalzone. We,
therefore,calculated the solution for two computationaldomains of
average radii of approximately 10 and 3 root chords of the wing,
respectively.The results summarized in Table 2 clearly demonstrate
that for small computationaldomains the DPM-based ABCs gener-
ate much more accurate solutions than the standard boundary con-
ditions do. (Similarly to Table 1, the errors in Table 2 are calculated
as relative errors with respect to the corresponding values on the
larger domain.) Note that, in this case, the grids for the different do-
mains have differentdimensions,and the smaller 193£49£33 grid
(3 chords) is now an exact subset of the bigger 203 £ 57 £ 33 grid
(10 chords). This is done to eliminate any in� uence that the change
of the grid in the near � eld could possibly exert on the solution.

Besides the improvementofaccuracy,theapplicationof theDPM-
based ABCs to transonic � ow computationson the small (3 chords)
computational domain yielded a much higher convergence rate of
the residual (continuity equation), as well as much faster conver-
gence of other quantities, including those deemed as sensitive, e.g.,
the number of supersonic points in the domain. In Figs. 3a and 3b,
we show the convergencehistory for this supercritical � ow variant.
One can see that the convergence for the standard boundary con-
ditions is poor; therefore, the corresponding force coef� cients in
Table 2 are given with the error bands indicated.

For the 10-chord domain, the DPM-based ABCs also provide for
someconvergencespeedup,althoughthe differencebetweenthe two
ABCs techniques is less dramatic here. This is reasonable because
onecouldgenerallyexpect that thebigger the computationaldomain
is, the smaller is the in� uence that the external boundary conditions
exert on the numerical procedure. The convergence history for the
10-chord computations is shown in Figs. 4a and 4b.

Note that from Fig. 3b one can conclude that on the small domain
the two algorithms converge to quite different solutions, whereas
Fig. 4b allows one to assume that on the big domain the � nal so-
lutions are close to one another. The data from Table 2 corroborate
these conclusions.This behavior again � ts into the aforementioned
concept that the impact of the ABCs decreases as the domain size
increases. In the future, we plan on running some transoniccompu-
tations fordomainsbigger than 10 root chordsof the wing. This may
provide for an experimental justi� cation of the statement that the
solutions for the two different types of ABCs approach one another
as the domain enlarges.

Miscellaneous Issues
In this section, we will discuss primarily the computational cost

of the DPM-based ABCs and possible ways for its reduction.
The cost of the DPM-based ABCs in two space dimensions is

modest; the ABCs may add about 10% to the cost of the original
integrationprocedure.In three space dimensions,the relative cost of
the DPM-basedABCs is, so far, higher;they typicallyadd from25 to
30% of extraCPU time. In many cases, however,this increasecan be
compensatedfor by the convergenceacceleration;see Figs. 3 and 4.
Moreover, we expect that some changes to the ABCs algorithm can
still be done so that the vectorization is exploited more effectively
and, therefore, the boundary operators are computed faster. Apart
from the algorithmchanges, there are some indirectways for reduc-
ing the computationalcost of the DPM-based ABCs.

a) Residual of the continuity equation

b) Number of supersonic nodes in the domain

Fig. 3 ONERA M6: M0 = 0:84, Re0 = 11:7 £ 106 , and ® = 3:06 deg.
Convergence history with average domain radius 3 root chords of the
wing and grid 193 £ 49 £ 33.

Parallel implementationof theABCs on multiprocessormachines
is a relativelyeasy task because the solution algorithmfor the linear
AP is readily parallelizable. For two space dimensions, an up-to-
� ve-times speedup in computing the nonlocal boundary operators
compared to the single-processorversion has been achieved on an
eight-processorCray Y-MP.

In three space dimensions,carryingout multiple computationson
the same grid is very often the case (many different � ow regimes
in one geometric setting). In so doing, the external geometry that
in� uences the ABCs is � xed, and the boundary conditions depend
only on the aerodynamic parameters, e.g., Mach number M0 and
angle of attack ®. Therefore, the entrywise interpolationof the ma-
trices of boundary operators T with respect to these parameters has
a substantial promise from the standpointof cost reduction. Indeed,
after a noticeable startup expense for calculatingthe referenceT for
some selected values of the parameters, any other matrix needed for
any speci� c regime within the prescribed range of the parameters
can be obtained for virtually no extra cost by means of the interpo-
lation. This methodology has been tested for the two-dimensional
supercritical � ow around the RAE2822 airfoil.17 The results seem
very promising: For the small computational domain, the accuracy
provided by the operators T interpolated with respect to M0 and
® is only slightly worse than the accuracy obtained using genuine
DPM-based ABCs, i.e., the operatorcalculatedfor the given speci� c
values of the parameters, and is still much better than the accuracy
obtained on the basis of the PV model.
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a) Residual of the continuity equation

b) Number of supersonic nodes in the domain

Fig. 4 ONERA M6: M0 = 0:84, Re0 = 11:7 £ 106 , and ® = 3:06 deg.
Convergence history with average domain radius 10 root chords of the
wing and grid 209 £ 57 £ 33.

Fig. 5 Qualitative block structure of the boundary operator T for
three-dimensional � ow computations.

Finally,we mention that the nonlocalityof the DPM-based ABCs
is expressed by the matrix T [see Eq. (10)] being dense. However,
this matrix is typically structured. From the standpoint of physics,
the structureof T re� ects the simple considerationthat each speci� c
node in� uences its close neighbors stronger than it in� uences the
remote points. For system (4a), the operator T from Eq. (10) is
composed of 5 £ 5 blocks, as shown in Fig. 5 (provided that the
vectors of variables along the boundaries 0 and 01 are arranged
properly: � rst ½ for all of the nodes, then u, etc., and, � nally, p).
The qualitativemeaning of each block in Fig. 5 is how one variable

of the corresponding pair in� uences another one along the entire
boundary.Stronger interdependencebetweenclosernodes results in
the near-diagonal entries for each block being considerably larger
than the off-diagonal ones (if, additionally, the order of nodes for
0 and 01 is the same). The latter observation has, in fact, been
corroborated computationally (for the two-dimensional case).

To ef� ciently calculate matrix-vector products for the structured
matrices of the foregoing type, one can use multiresolution-based
data compression algorithms, e.g., the one proposed by Harten and
Yad-Shalom.24 In Ref. 19, this algorithm is applied to the model ex-
ample of the matrix T for the two-dimensional scalar Yukawa equa-
tion.As can be seenfrom thenestedmultiresolutionrepresentation24

for the model operator T (see Ref. 19), all of the nonzero entries
are concentrated near the main diagonal of each nested block; as
we recede the diagonal, the correspondingvalues rapidly fall below
the double-precision machine accuracy .10¡13/ threshold. There-
fore, this nested structure can be used for the ef� cient calculationof
matrix-vector products with consecutively improving resolution.24

The concentrationof nonzeroentriesnear themain diagonalalso im-
plies effective localization of the boundary conditions. This feature
may have certain promise for future use in view of the multiblock
grids.

The next major challenge from the standpoint of treating numer-
ically the in� nite domain formulations is presented by the time-
dependent problems. As mentioned in the beginning, the issue of
ABCs for the time-dependent problems is signi� cant not only in
CFD but also in other areas of scienti� c computing, e.g., those orig-
inating from acoustics and electrodynamics.

The primary dif� culty that distinguishes time-dependent prob-
lems from the steady-stateones is that here the exactABCs are non-
local not only in space but also in time (except in the simplest one-
dimensional problems). As concerns the approximate approaches,
the same basic trend that is relevant to the steady-state problems
also holds for the time-dependentones: A more accurate boundary
procedure requires more of the nonlocal nature of the ABCs to be
taken into account.

Of course, the nonlocality of the ABCs in time presents a very
serious computationalobstaclebecause as the solutionevolves such
boundaryconditionswould become more and more expensive from
the standpoints of both memory and computer time requirements.
Therefore, the most crucialnumerical issue in constructingthe time-
dependentABCs is how to effectively restrict the nonlocalityof the
boundaryconditionsin time. This is an interestingsubject for future
research.

A more detailed description of the theoretical foundationsof the
foregoing steady-stateDPM-based algorithm, as well as a wider se-
lection of the computational results, will be presented in the forth-
coming Ref. 25.

IV. Conclusions
The new global ABCs for calculating steady-state external vis-

cous � ows in three space dimensions have been constructed on the
basis of the differencepotentialsmethod. The approachgeneralizes
and extends the previous two-dimensional results.

The new ABCs are capable of greatly reducing the size of the
computationaldomain (comparedwith the standardmethods) while
still maintaining high accuracy of the numerical solution. This size
reduction amounts to either the possibility of re� ning the grid in
the near � eld, which potentially leads to the improvement in accu-
racy, or the usage of the smaller-dimension grids without compro-
mising the accuracy. Moreover, the DPM-based ABCs may notice-
ably improve the convergence rate of the multigrid iteration pro-
cedure. Finally, the new boundary conditions appear geometrically
universaland easy to incorporatein the structureof the existing � ow
solvers.The propertiesof the new ABCs havebeen corroboratedex-
perimentallyby computingthe subsonicand transonic� ows past the
ONERA M6 wing using the NASA-developed code TLNS3D.
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